Biharmonic maps between Riemannian manifolds are defined as critical points of the bienergy and generalized harmonic maps. In this paper, we give necessary and sufficient conditions for nonharmonic Legendre curves and anti-invariant surfaces of 3-dimensional (κ,µ)-manifolds to be biharmonic.
Introduction
Let f : (M,g) → (N,h) be a smooth map between two Riemannian manifolds. The bienergy E 2 ( f ) of f over compact domain Ω ⊂ M is defined by
where τ( f ) is the tension field of f and dv g is the volume form of M. It is clear that E 2 ( f | Ω ) = 0 on any compact domain if and only if f is a harmonic map. Thus E 2 provides a measure for the extent to which f fails to be harmonic. If f is a critical point of (1.1) over every compact domain, then f is called a biharmonic map or 2-harmonic maps. Jiang [10] proved that f is biharmonic if and only if
(κ,µ)-manifolds
In this section, we collect some basic facts about contact metric manifolds. We refer to [3] for a more detailed treatment. A (2n + 1)-dimensional differentiable manifold N 2n+1 is called a contact manifold if there exists a globally defined 1-form η such that (dη) n ∧ η = 0. On a contact manifold there exists a unique global vector field ξ satisfying dη(ξ,X) = 0, η(ξ) = 
for all X ∈ TN 2n+1 . Moreover, it is well known that there exist a (1,1)-tensor field φ and a Riemannian metric g which satisfy for all X,Y ∈ TN 2n+1 . The structure (φ,ξ,η,g) is called contact metric structure and the manifold N 2n+1 with a contact metric structure is said to be a contact metric mani f old. Following [3] , we define K. Arslan et al. 3577 on N 2n+1 the (1,1)-tensor fields h:
where ᏸ ξ is the Lie differentiation in the direction of ξ. The tensor field h is self-adjoint and satisfies
where ∇ is the Levi-Civita connection of g. A (κ,µ)-manifold is defined as a contact metric manifold satisfying
for any vector field X and Y , where κ, µ are constant. We denote an n-dimensional (κ,µ)-manifold by M n (κ,µ). Due to [4] , on M n (κ,µ) we have the following (cf. [5] ):
It is well known that the curvature tensor R of 3-dimensional Riemannian manifolds satisfy the following:
where Q is the Ricci operator and S is the scalar curvature. Substituting Y = Z = ξ to (2.9) and using (2.7), on M 3 (κ,µ) we obtain
In general, κ ≤ 1 on a (κ,µ)-manifold. If κ = 1, the manifold is Sasakian. If κ < 1, the relation (2.7) determines the curvature of (κ,µ)-manifold completely (see [5] ). The scalar curvature S of M 3 (κ,µ) is equal to 
Biharmonic maps
Let M m and N n be Riemannian manifolds and f : M m → N n a smooth map. The tension field τ( f ) of f is a section of the vector bundle f * TN n defined by
where ∇ f , ∇, and {e i } denote an induced connection, the Levi-Civita connection of M m , and a local orthonormal frame field of M m , respectively. A smooth map f is said to be a harmonic map if its tension field vanishes. It is well known that f is harmonic if and only if f is a critical point of the energy:
h df e i ,df e i dv g (3.2) over every compact domain Ω of M m . Eells and Sampson [8] suggested to study biharmonic maps which are critical points of the bienergy E 2 :
3)
The Euler-Lagrange equation of the functional E 2 was computed by Jiang [10] as follows:
Here the operator f is the Jacobi operator defined by 5) where R N n is the curvature tensor of N n .
Biharmonic Legendre curves
A curve C = C(s) : I → M 3 (κ,µ) parametrized by arclength parameter is said to be a Legendre curve if η(C ) = 0. In this section, in terms of the curvature and the torsion, we characterize proper biharmonic Legendre curves in 3-dimensional (κ,µ)-manifolds. Let C be a Legendre curve in M 3 (κ,µ). Then we can take a Frenet field, F = (T,N,B), so that T = C , N = φC , and B = ξ (see [2] ). Frenet-Serret formula of C is given explicitly
where α (resp., τ) is the curvature (resp., the torsion).
Proof. Frenet-Serret formula implies that the mean curvature vector field H is given by H = ∇ T T = αN. By direct computations, we obtain
Using (2.9) and (2.10), we have
Substituting (4.4) and (4.5) into (4.3), we get
If γ is biharmonic, C (H) = 0. Hence it follows from (4.2) and (4.6) that α and τ are constant, and moreover, they satisfy α 2 
Corollary 4.2. There exist no proper biharmonic Legendre curves in M 3 (κ,µ) with S ≤ 4κ. The curvature tensor R of N 2n+1 (c) is given by
is biharmonic if and only if C is a helix satisfying
We can easily see that Sasakian space forms are (κ,µ)-manifold, with κ = 1 and h = 0. Legendre curves in Sasakian space forms satisfy τ 2 = 1 (see [2] ). Therefore, by applying Proposition 4.1, we have the following (cf. [9] ). 
Biharmonic anti-invariant surfaces
Let M m be a submanifold tangent to ξ in a contact metric manifold. If φX is normal to TM m for any X ∈ TM m , then M m is called an anti-invariant submanifold (see [12] ).
Let f : M 2 → M 3 (k,µ) be a nonminimal anti-invariant surface. The formulas of Gauss and Weingarten are given, respectively, by
where X,Y ∈ TM m , V ∈ T ⊥ M m , σ, A, and D are the second fundamental form, the shape operator, and the normal connection.
Denote by R the Riemann curvature tensor of M 2 . Then the equations of Gauss and Codazzi are given, respectively, by
where X, Y , Z, W are vectors tangent to M 2 , ·, · = g(·,·) and∇σ is defined by We put γ = he 1 ,φe 1 . We need the following lemmas for the later use.
Lemma 5.1. The proof is finished.
By using the Gauss and Weingarten formulas, we obtain
where A is the shape operator,
. For detailed computation, we refer to [7] . 
The proof is completed.
Using Lemma 5.4, we obtain the following system of partial differential equations.
Lemma 5.5. M 2 is biharmonic if and only if 32)-(5.34) . Actually, since α is a nonzero constant, it follows from (5.13) and (5.22) that γ = 0 on M 2 . Therefore, (5.14) and (5.22) imply that β is also a constant, so that (5.32) and (5.33) are trivially satisfied. Moreover, from (5.15) and (5.21), with γ = 0 and κ = 1, we conclude that β = 1, and (5.34) is also satisfied. This completes the proof. Remark 5.9. Corollaries 4.5 and 5.8 imply that there are no proper biharmonic Legendre curves and anti-invariant surfaces in the unit 3-sphere (cf. [6] ). However, there are proper biharmonic Legendre surfaces and anti-invariant submanifolds in the unit 5-sphere (see [1, 11] ). It is an interesting phenomenon.
